The frequency response of a confined premixed swirled flame is explored experimentally through the use of describing functions that depend on both the forcing frequency and the forcing level. In these experiments, the flame is forced by a loudspeaker connected to the bottom of the burner in the fresh gas region or by a set of loudspeakers connected to the combustion chamber exhaust tube in the burnt gas region. The experimental setup is equipped with a hot-wire (HW) probe and a microphone, both of which located in front of each other below the swirler. The forcing level is varied between jv 0 0 j=v 0 ¼ 0:10 and 0.72 RMS, where v 0 and v 0 0 are, respectively, the mean and the fluctuating velocity at the HW probe. An additional microphone is placed on a water-cooled waveguide connected to the combustion chamber backplate. A photomultiplier equipped with an OH* filter is used to measure the heat release rate fluctuations. The describing functions between the photomultiplier signal and the different pressure and velocity reference signals are then analyzed in the case of upstream and downstream forcing. The describing function measured for a given reference signal is shown to vary depending on the type of forcing. The impedance of the injector at the HW location is also determined for both upstream and downstream forcing. For all describing functions investigated, it is found that their phase lags do not depend on the forcing level, whereas their gains strongly depend on jv 0 0 j=v 0 for certain frequency ranges. It is furthermore shown that the flame describing function (FDF) measured with respect to the HW signal can be retrieved from the specific impedance at the HW location and the describing function determined with respect to the signal of the microphone located in front of the HW. This relationship is not valid when the signal from the microphone located at the combustion chamber backplate is considered. It is then shown that a one-dimensional (1D) acoustic model allows to reproduce the describing function computed with respect to the microphone signal inside the injector from the microphone signal located at the combustion chamber backplate in the case of downstream forcing. This relation does not hold for upstream forcing because of the acoustic dissipation across the swirler which is much larger compared to downstream forcing for a given forcing level set at the HW location. This study sheds light on the differences between upstream and downstream acoustic forcing when measuring describing functions. It is also shown that the upstream and downstream forcing techniques are equivalent only if the reference signal used to determine the FDF is the acoustic velocity in the fresh gases just before the flame.
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Introduction
Coupling an acoustic solver with a flame transfer function (FTF), or its nonlinear extension, a flame describing function (FDF), has been shown to be a powerful framework to predict the thermoacoustic stability of practical combustors at a limited computational cost [1] [2] [3] [4] [5] [6] . In these low-order models, the flame frequency response to acoustic waves is described by the complex function called FTF and defined as [7] F x ð Þ ¼
where _ Q denotes the heat release rate produced by the flame and v the velocity at some location inside the injector. Throughout this work, the overline stands for the mean conditions and the prime corresponds to the Fourier component of the signal at the forcing angular frequency x.
The FTF can be generalized to take into account the effect of the forcing level jv 0 j=v [8, 9] . In this case, the operator defined in Eq. (1) becomes nonlinear and is called a FDF. This function can then be used to analyze the dynamics of each mode of the combustor and determine the level reached by the acoustic oscillations within the system. It has been demonstrated that this framework is able to reproduce the nonlinear dynamics of lab-scale combustors equipped with swirling injectors [10, 11] , and more recently, the nonlinear dynamics of annular systems with multiple flames [6] . One difficulty is to have a good knowledge of the FDF covering the frequency range of interest at low and high perturbation amplitudes [6] . This requires high efficiency actuation systems and acoustic forcing can be generated from the upstream [12, 13] or downstream [14] sides of the combustion region.
Another difficulty is to properly define the reference signal used to compute the FDF [15] . This reference signal is sometimes defined as the velocity signal at some location inside the injector [9, 16] and sometimes as the velocity signal at the flame location [17] [18] [19] [20] . Other authors use the pressure signal inside the combustion chamber as a reference to characterize the nonlinear flame response [21] [22] [23] . However, no systematic comparison between the describing functions defined with these various reference signals has been performed so far.
The aim of this work is to measure and establish a link between various describing functions based on three different reference signals (see Fig. 1 
):
The acoustic velocity before the swirler, measured with the hot wire probe labeled HW; the acoustic pressure before the swirler, measured with the microphone labeled MHW located at the same axial position as the hot-wire probe; the acoustic pressure at the backplate of the combustion chamber, measured with the microphone labeled MC.
A reconstruction of the describing function with a reference signal corresponding to the acoustic velocity inside the injector just before the combustion chamber is also attempted.
The experimental setup is first described, followed by a brief derivation of the analytical links between different describing functions. All three measured describing functions are then compared for upstream and downstream forcing. The analytical links between different describing functions are then tested. A discussion is conducted to interpret the common features and differences observed between the describing functions determined by acoustically forcing the system from the upstream and downstream sides. Finally, an interpretation of the validity of various reconstructions is proposed.
Experimental Setup
The experimental setup in Fig. 1 is used to determine different describing functions. A methane and air mixture is injected in a tranquilization box by two opposed apertures at the bottom of the burner. When upstream forcing is applied, a loudspeaker (Monacor SP-6/108PRO -100 W RMS) fixed below the tranquilization box is used to generate harmonic acoustic waves. When downstream forcing is applied, this bottom loudspeaker is idle. The flow is then pushed through an antiflashback grid and a honeycomb structure that reduces the turbulence intensity in the plenum. A converging nozzle (contraction ratio: 8.73) generates a fully laminar flow with a top-hat velocity profile.
A hot-wire probe (Dantec Dynamics Mini-CTA 54T30 with a 55P16 probe) called HW in Fig. 1 Fig. 1 and mounted on a water-cooled waveguide is used to measure the pressure fluctuations at the combustion chamber backplate. The small acoustical distortions induced by the waveguide are corrected through the use of its transfer function that was determined in a separate set of experiments. Optical access into the combustion chamber is granted by four quartz windows that are transparent for both the visible and the near ultraviolet wavelengths. A second convergent (contraction ratio: 2.03) is added at the top of the combustion chamber through which the burnt gases are exhausted. An additional element is placed above to hold two loudspeakers (Monacor SP-6/ 108PRO -100 W RMS) at the top of the exhaust nozzle. This element is used to generate harmonic acoustic waves when downstream forcing is applied or is left idle when upstream forcing is applied.
In addition to the acoustic measurements, a photomultiplier (Hamamatsu H5784-04) equipped with an interferometric filter (Asahi Spectra ZBPA310) centered on k ¼ 310 nm and with a 10 nm bandwidth records the OH* chemiluminescence signal, which is assumed to be linearly related to the heat release rate [24] . Different describing functions are deduced from the cross power spectral density between the photomultiplier signal and an arbitrary signal oscillating at the forcing frequency (such as the voltage applied to the loudspeaker) divided by the cross power spectral density between the reference signal and the same arbitrary signal. The reference signals include the HW probe, the microphone located inside the injector (MHW), and the microphone located at the combustion chamber backplate (MC). All time series recorded contain at least 40 oscillation cycles. An ICCD camera (Princeton Instruments PI-MAX 4) equipped with the same band-pass filter (Asahi Spectra ZBPA310) is also used to record the flame chemiluminescence distribution averaged over 100 frames, as presented in Fig. 2 . It was checked that the camera collects all the light originating from the flame.
The configuration investigated in this study is a perfectly premixed methane/air flame with an equivalence ratio / ¼ 0.82 and a thermal power of 5. All pressure signals presented in this work are divided by the characteristic impedance qc, where q is the mean gas density and c the speed of sound at the microphone location. By doing so, the same dimension, a velocity in m/s, is prescribed for the hot-wire 
Links Between the Describing Functions
Three describing functions are measured in this work. The first describing function F HW is defined with respect to the HW probe signal
where the fluctuating _ Q 0 and the average _ Q heat release rate are assessed at the same forcing frequency as the fluctuating v The second describing function F MHW is defined with respect to the microphone located inside the injector (MHW) in front of the hot-wire
where p 0 0 is the fluctuating pressure signal measured by MHW (See Fig. 1 ) and p 0 is taken equal to the atmospheric pressure divided by the characteristic impedance q 0 c 0 at the hot-wire location.
The third describing function F MC is defined with respect to the microphone located at the bottom of the combustion chamber (MC)
where p 0 8 is the fluctuating pressure signal measured by MC and p 8 is a constant that has the same dimension as p 0 8 . The quantity p 8 is taken equal to the atmospheric pressure divided by the characteristic impedance q 8 c 8 in the burnt gases, at the bottom of the combustion chamber.
A fourth describing function F HWC is defined with respect to the acoustic velocity v 0 7 at the injector outlet, just before the combustion chamber
where v 7 and v 0 7 are, respectively, the mean and fluctuating velocity at the injector outlet. This describing function, generally designated as the FDF [9, 20] , is not measured in the present work and is deduced from the previous describing functions using the models described thereafter.
It is worth recalling that the forcing level is always prescribed at the same axial location, the hot-wire location, which explains why the variable jv 0 0 j=v 0 is the same for all describing functions in Eqs. (2)- (5).
The link between F HW and F MHW is straight-forward since the hot-wire HW and the microphone MHW are located in front of each other at the same axial position. By introducing the dimensionless specific acoustic impedance z ¼ Z=ðq 0 c 0 Þ at the hot-wire location, one obtains
It has been checked (not shown here) that z remains independent of the forcing level, i.e., the burner acoustic response upstream the hot-wire remains in the linear regime. This expression is later used to check for the consistency of the measurements. In order to relate F MC to F MHW and to F HW , a link between the acoustic pressure p Fig. 3 . It comprises eight elements for which the downstream acoustic variables have to be related to the upstream acoustic variables. The hot-wire probe HW and the microphone MHW are located in section (0). The swirler is comprised between sections (3) and (6) and the combustion chamber starts in section (8) , where MC is placed. In this work, the index k refers to variables assessed in section (k). The change in temperature from T u ¼ 293 K in the fresh gas region to T b ¼ 1200 K in the burnt gas region is also accounted for.
Assuming one-dimensional (1D) linear acoustic wave propagation in the burner [25, 26] , one is left with (8) . In this expression, the complex waves are determined with the exp(ixt) harmonic convention and the pressure signals are divided by their respective characteristic impedances thus explaining the presence of the fresh and burnt gas temperatures in Eq. (7). The length L a takes into account wave propagation between sections (0) and (8)
where S j denotes the cross section area at the axial position j and l ij the length of the element between the axial positions i and j in Fig. 3 . Using Eqs. (7) and (8), the describing functions F MC and F MHW are connected by
Equations (7) and (8) and subsequently Eq. (9) are only valid at justify the use of the hot-wire HW and microphone MHW as reference signals.
It is worth mentioning that acoustic diffraction [28] at different jumps in cross section area, acoustic dissipation due to viscous dissipation and acoustic dissipation inside the swirler holes due to the interaction of acoustic waves with vortical structures [29] are not taken into account in this reconstruction. Moreover, since the mean pressure drop across the setup remains small (Dp=p ¼ 0:4%) and the Mach number is much smaller than unity (M ¼ 0.035), the mean pressure drop effects are neglected in this work [25] .
The same procedure is applied to link the acoustic velocity v 
with L b defined as
Using Eqs. (10) and (11), the describing functions F HW and F HWC are connected by low frequencies [27] , when the Helmholtz number He ¼ kL a remains small. In this work, the maximum frequency investigated is f max ¼ 500 Hz corresponding to a maximum Helmholtz number He ¼ 0.98. Hence, the previous condition is respected and Eqs. (7)- (9) Upstream Forcing. A second set of experiments is conducted with acoustic forcing from the upstream side. As for the downstream forcing case, the signals corresponding to the hot-wire probe, the microphones, and the photomultiplier are measured for the same forcing levels controlled by the hot-wire probe. The three resulting describing functions F HW , F MHW , and F MC are determined from these data and plotted in Fig. 6 . Again, the plots at the bottom right represent F MHW!HW ðx; jv 0 0 j=v 0 Þ, the reconstruction of F HW ðx; jv 0 0 j=v 0 Þ using the data from F MHW ðx; jv 0 0 j=v 0 Þ and Eq. (6). A common feature between upstream and downstream forcing experiments is that the phase lag plots of all measured describing functions in Figs. 4 and 6 are independent of the forcing level at all frequencies. This means that the describing function phase lag can be safely determined without considering the effects of the forcing level. Moreover, the phase lag plots of F HW ðx; jv 0 0 j=v 0 Þ coincide for upstream and downstream forcing experiments implying that the way acoustic forcing is introduced in the system has no impact on the phase lag plot of the describing function computed with respect to the hot-wire signal.
However, there are also differences between results obtained with downstream and upstream forcing. The gain plots of The validity of Eqs. (6) and (9) is now assessed by comparing the measured describing functions with their associated reconstructions from these equations. An important feature is that for all three describing functions F HW , F MHW , and F MC , the gain plots in Fig. 4 depend on the forcing level jv 0 0 j=v 0 for frequencies comprised between 180 Hz and 250 Hz. At lower and higher frequencies, the gain remains independent of the input level jv 0 0 j=v 0 . Furthermore, the phase lag plots of these describing functions remain independent of the forcing level over the full frequency range. This last feature is often observed for fully premixed swirling flames [30] .
Results
Results for F HW ðx; jv (9) does not yield the correct result when the system is acoustically forced from the upstream side.
Discussion
It is known that reliable predictions of thermo-acoustic instability oscillation frequencies and limit cycle levels can be achieved by combining the flame describing function F HW determined with a velocity reference signal with different types of acoustic solvers [9, 10] . In many works, the relation F HW between heat release rate conducted with upstream excitation to get the same oscillation level at the hot-wire location, especially at low frequencies. On the other hand, the gain plot of the describing function Fig. 6 obtained with upstream forcing now remains almost independent of the forcing level for all forcing frequencies. This is again in contrast with the results presented for F MC ðx; jv 0 0 j=v 0 Þ in Fig. 4 determined with downstream forcing experiments. Moreover, the evolution of the gain of F MC with the forcing frequency in the bottom left plots in Figs. 4 and 6 significantly differs depending on the type of forcing. This is due to the difference in acoustic pressure levels inside the combustion chamber between experiments conducted with upstream and downstream acoustic forcing. For a given oscillation level measured by the hot-wire inside the injector, downstream excitation results in a much larger pressure oscillation level at the bottom of the combustion chamber than upstream forcing. Furthermore, for upstream forcing, the acoustic pressure at the bottom of the combustion chamber rapidly drops toward zero as the forcing frequency decreases thus explaining why the gain of F MC ðx; jv 0 0 j=v 0 Þ rapidly increases at low frequencies.
It is now worth exploring if different describing functions F HW , F MHW , and F MC can be reconstructed from one another in the case of upstream forcing. The describing function F HW ðx; jv 0 0 j=v 0 Þ and the associated reconstruction F MHW!HW ðx; jv 0 0 j=v 0 Þ deduced from F MHW ðx; jv 0 0 j=v 0 Þ and Eq. (6) are again found to be identical for all frequencies and forcing levels in Fig. 6 . This consistency check once again validates the data gathered for the specific impedance z at the hot-wire location and the describing functions and velocity disturbances remains unknown and is difficult to determine in practical combustors. The relation F HW is thus often replaced by a relation between heat release rate and pressure fluctuations measured at some location in the combustion chamber and designated by F MC in this work. It appears that the downstream forcing technique is the only one allowing to reconstruct the FDF F HW from the describing function F MC by means of a linear acoustic model. This linear model accounts for acoustic propagation and the effects of sudden area changes but all dissipation mechanisms are neglected. However, it is known that an important source of acoustic damping within the flow comes from the coupling between vortical structures generated in shear layers and acoustic waves [31] [32] [33] .
The model of Howe [32] for an aperture traversed by a highReynolds bias flow is used here in order to model the acoustic pressure drop through the swirler between sections (3) and (6) in Fig. 3 , where the mean and fluctuating velocities are the largest. Using the notations introduced previously, the acoustic pressure drop across the swirler is given by
where u 0 3 S 3 is the acoustic volume flow rate fluctuation in section (3) and K r is the Rayleigh conductivity of the aperture given in Ref. [32] .
A refined model based on Eqs. (7) and (10) It is clear from Fig. 8 that the new reconstruction including the effects of the acoustic pressure drop across the swirler yields much better results than the original model without acoustic dissipation. The overall shape of both the gain and phase lag plots of F MHW are retrieved accurately, except in the low-frequency region, where the number of forcing cycles used to determine the describing function F MC is limited, and hence, the predictions worsen. The correct evolution of F MHW with the forcing level jv 0 0 j=v 0 is also retrieved with this new model. As a conclusion, it is necessary to take into account the acoustic pressure drop across the swirler when linking various describing functions in the case of upstream forcing. forcing. For instance, the maximum gain achieved with downstream forcing is around 1200 in Fig. 4 compared to 300 with upstream forcing in Fig. 6 . This is due to the fact that the specific impedance z at the hot-wire location depends on the type of forcing since the acoustic boundary condition at the hot-wire location varies in these two cases. This impedance represents the acoustic response seen by MHW and HW from all the components below these sensors when the system is perturbed from the downstream or upstream sides.
Conclusion
The response of a confined premixed swirling flame submitted to acoustic forcing from the upstream and downstream sides of a combustor has been determined for a large set of forcing frequencies and forcing levels. Three types of describing functions relating heat release rate fluctuations to different reference signals have been defined. The first reference signal is the acoustic velocity inside the injector measured by a hot-wire probe below the swirler. The second reference signal is the acoustic pressure measured by a microphone at the same axial location as the hot-wire probe. The third reference signal corresponds to the acoustic pressure inside the combustion chamber determined with a microphone mounted on a water-cooled waveguide. The forcing level is in all cases controlled by the hot-wire probe.
For downstream acoustic forcing experiments, the gain plots of these different describing functions change with the forcing level over a certain frequency range, whereas the phase lag plots remain independent of the forcing level. It has been found that all three describing functions could be reconstructed from one another using a linear acoustic model linking the acoustic pressure at the combustion chamber backplate to the acoustic pressure inside the injector, at the hot-wire location.
It has also been verified that for both downstream and upstream acoustic forcing experiments, the specific impedance z at the hotwire location could be used to reconstruct the describing function based on the hot-wire signal from the describing function based on the facing microphone signal and vice versa.
For upstream acoustic forcing experiments, the same describing functions as for downstream acoustic forcing experiments have been extracted from measurements. In this case, the describing function defined with respect to the acoustic pressure measured at the hot-wire location could not be reconstructed from the describing function defined with respect to the microphone located at the combustion chamber backplate through the use of a 1D linear acoustic model of the injector. This has been attributed to the fact that the upstream and downstream acoustic boundary conditions The same comparison is made for downstream forcing (not shown here). In that case, the reconstruction of F MHW from F MC with the improved model turns out to be almost equivalent to the previous simple linear model corresponding to Eq. (9). It is not necessary to take into account the acoustic pressure drop across the swirler when linking various describing functions in the case of downstream forcing.
One important conclusion of this work is that the dynamical state of the system is not symmetric for upstream and downstream forcing. This is attributed to the fact that the upstream and downstream acoustic boundary conditions differ depending on the type of forcing. As a consequence, the structure and level of the acoustic pressure field differs for upstream and downstream forcing, as depicted in Figs. 4 and 6. This in turn has an impact on the acoustic pressure drop across the swirler. For upstream forcing, this acoustic pressure drop is large, whereas it is negligible for downstream forcing.
The experiments conducted in this work also reveal that the FDF F HW ðx; jv 0 0 j=v 0 Þ based on the acoustic velocity before the swirler can be determined with upstream or downstream acoustic forcing experiments. Slight differences, however, are observed between results for F HW in Fig. 4 and those shown in Fig. 6 . Both methods yield the same results for the phase lag at all frequencies and velocity modulation amplitudes. The gain plots are also the same for forcing frequencies lower than 220 Hz. Differences appear in the high frequency region. The FDF gain plot rapidly drops below unity for f > 220 Hz and is strongly attenuated with gains lower than 0.5 when f > 270 Hz in the case of downstream forcing. When the flame is modulated from the upstream side, the FDF gain remains relatively large and above 0.5 in Fig. 6 up to f ¼ 440 Hz at the low forcing levels jv 0 0 j=v 0 ¼ 0:1 and 0.2 RMS. These differences can be reduced by reconstructing the describing function F HWC ðx; jv 0 0 j=v 0 Þ defined with respect to the acoustic velocity at the injector outlet in section (7) (see Fig. 3 ) from F HW ðx; jv 0 0 j=v 0 Þ and the acoustic model corresponding to Eq. (12) . In that case, the match between the plots for F HWC ðx; jv 0 0 j=v 0 Þ in Fig. 9 corresponding to upstream and downstream forcing is almost perfect for all frequencies and all forcing levels. This comparison confirms that the flame describing function depends on flowrate disturbances only (and not on the acoustic pressure) when the velocity reference is close enough to the flame. This extends a previous result obtained in the linear regime for laminar flames [15] to swirled flames forced at any perturbation amplitude.
Finally, the describing functions F MHW ðx; jv 0 0 j=v 0 Þ determined with the microphone in front of the hot-wire probe largely differ in terms of gain and phase lag with downstream and upstream are modified depending on the type of forcing, which in turn modifies the acoustic fields inside the system. A large acoustic pressure drop due to acoustic losses is generated across the swirler in the case of upstream forcing. If this acoustic pressure drop is taken into account in the model, the describing function determined with the acoustic pressure measured inside the injector can be reconstructed from the describing function determined with the acoustic pressure measured inside the combustion chamber. On the other hand, when downstream forcing is applied, the acoustic pressure drop across the swirler is negligible and it is not necessary to consider it to link these two describing functions accurately.
Another important finding is that the gain and phase lag of the FDF linking heat release rate and velocity fluctuations measured by the hot-wire inside the injector are identical for upstream and downstream acoustic forcing as long as the forcing frequency is lower than f < 220 Hz. At higher frequencies, both FDF phase lags still match, but the FDF gain drops more rapidly with the forcing frequency for downstream acoustic forcing than for upstream acoustic forcing. The reconstructed describing functions with respect to the acoustic velocity at the injector outlet are found to be almost identical for upstream and downstream forcing experiments at all frequencies and all forcing levels. It is concluded that the describing functions between heat release rate and acoustic fluctuations determined with upstream and downstream forcing are equivalent as long as the reference signal is the acoustic velocity in the fresh gases as close as possible to the flame. For all other reference signals, including the acoustic velocity in the injector below the swirler or the acoustic pressure anywhere in the system, upstream and downstream acoustic forcing appears as nonequivalent techniques to determine the describing function.
These experiments highlight for the first time that the frequency response of a perturbed reacting flow described in terms of heat release rate versus pressure oscillations inside the combustion chamber depends on the way acoustic forcing is introduced in the system. Differences for the resulting describing functions are due to different acoustic pressure and velocity states inside the combustion chamber that are produced by the excitation for a given level of velocity oscillation measured inside the injector, at the hot-wire location.
